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Abstract

In the present work we investigate the approximation of the functions by the Zygmund means
in the weighted generalized grand Lebesgue spaces. The estimates are obtained in terms of the
best approximation and modulus of smoothness. Also, the approximation problems of Cesaro,
Zygmund and Abel sums of Faber series in the generalized Smirnov classes defined on the
bounded simply connected domains of complex plane are studied.
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1 Introduction and the main results

Let T denote the interval [0, 2π], a function ω is called a weight on T if ω : T→ [0,∞] is measurable
and ω−1({0,∞}) has measure zero (with respect to Lebesgue measure).

Let ω be a 2π periodic weight function. We denote by Lpω(T), 1 < p <∞, the weighted Lebesgue
space of all measurable functions on T for which the norm

‖f‖p =

∫
T

|f(x)|p ωdx

1/p

<∞.

We define a class L
p),θ
ω (T), θ > 0, 1 < p < ∞ of 2π periodic measurable functions on T

satisfying the condition

sup
0<ε<p−1

 εθ

2π

∫
T

|f(x)|p−ε ω(x)dx


1/(p−ε)

<∞.

The class L
p),θ
ω (T), θ > 0, 1 < p <∞ is a Banach space with respect to the norm

‖f‖
L
p),θ
ω (T)

:= sup
0<ε<p−1

εθ 1

2π

∫
T

|f(x)|p−ε ω(x)dx


1/(p−ε)

. (1.1)
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The class L
p),θ
ω (T) with the norm (1.1) is called the weighted generalized grand Lebesgue space. Note

that non- weighted grand Lebesgue space Lp)(T) was introduced by Iwaniec and Sbordone [21].
Information about properties of the grand and generalized grand Lebesgue spaces can be found
in [14], [21], [22] and [34]. Note that the grand and generalized grand Lebesgue spaces have
been applied in many fields of science (see, for example: [39], [40], [22]). Also, some problems
of quasilinear operators theory and interpolation theory are investigated in these spaces (see, for
example: [18], [15], [16]).

The embeddings
Lp(T) ⊂ Lp)(T) ⊂ Lp−ε

hold. According to [14] Lp(T) is not dense in Lp)(T). Also, if θ1 < θ2 and 1 < p <∞, for weighted
generalized grand Lebesgue space, the following relations hold:

Lpω(T) ⊂Lp),θ1ω (T) ⊂Lp),θ2ω (T) ⊂Lp−εω (T).

The closure of the space Lp(T), 1 < p < ∞ by the norm of the grand Lebesgue spaces L
p),θ
ω (T),

θ > 0, 1 < p <∞ does not coincide with the later space. Let us denote this closure by L̃p,θω (T). It

is clear that this subspace of L
p),θ
ω (T) is a set of functions for which

lim
ε→0

εθ
∫
T
|f (t)|p−ε ω (t) dt = 0.

Let 1 < p <∞ and let Ap(T) be the collection of all weights on T satisfying the condition

sup
I

(
1

|I|

∫
I

ω(x)pdx

)1/p(
1

|I|

∫
I

[ω(x)]−1/(p−1)dx

)p−1

<∞ (1.2)

where the supremum is taken over all intervals I with length |I| ≤ 2π. The condition (1.2) is called
the Muckenhoupt -Ap condition and the weight functions which belong to Ap(T), (1 < p <∞), are
called the Muckenhoupt weights.

For f ∈ L̃p),θω (T) and ω ∈ Ap we define the Steklov operator by

sh(f)(x) =
1

h

x+h∫
x

f(t)dt =
1

h

h∫
0

f(u+ x)du

and the r − th modulus of smoothness Ωr(f, ·, )p),θ,ω (r = 1, 2, ...) by

Ωr(f, δ)p),θ,ω = sup
0<hi≤δ
1≤i≤r

∥∥∥∥∥
r∏
i=1

(I − shi) (f)

∥∥∥∥∥
L
p),θ
ω (T)

δ > 0, r = 1, 2, ...

where I is the identity operator.
The modulus of continuity Ωr(f, ·)p),θ,ω is a non-decreasing, nonnegative function of δ > 0 and

lim
δ→0

Ωr(f, ·)p),θ,ω = 0, Ωr(f + g, ·)p),θ,ω ≤ Ω(f, ·)p),θ,ω + Ω(g, ·)p),θ,ω

for f, g ∈ L̃p),θω (T), θ > 0 , 1 < p <∞.
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Let
a0

2
+

∞∑
k=1

Ak(x, f), Ak(x, f) := ak(f) cos kx+ bk(f) sin kx (1.3)

be the Fourier series of the function f ∈ L1(T), where ak(f) and bk(f) are Fourier coefficients of
the function f .

The n − th partial sums, Zygmund means of order k (k ∈ N) and Abel -Poisson means of the
series (1.3) are defined, respectively as [19], [46]:

Sn(x, f) =
a0 (f)

2
+

n∑
k=1

Ak(x, f),

Zn,k(x, f) =
a0 (f)

2
+

n∑
ν=1

(
1− νk

(n+ 1)k

)
Aν(x, f), k = 1, 2, ..., n = 1, 2, ...,

Us (x, f) =
1

2π

∫
T

Ps (x− t) f (t) dt,

where

Ps (t) =
1− s2

1− 2s cos t+ s2
, 0 ≤ s < 1

is the Poisson kernel.
It is clear that

S0(x, f) = Z0,k(x, f) =
a (f)

2

The best approximation of f ∈ L̃p),θω , θ > 0, 1 < p < ∞ in the class
∏
n of trigonometric

polynomials of degree not exceeding n is defined by

En (f)p),θ,ω := inf
{
‖f − Tn‖Lp),θω (T)

: Tn ∈
∏

n

}
.

Let G be a finite domain in the complex plane C, bounded by a rectifiable Jordan curve Γ, and
let G− := extΓ. We denote

T∗ := {w ∈ C : |w| = 1} , D := intT∗ , D− := extT∗.

Let w = ϕ(z) be the conformal mapping of G− onto D− normalized by

ϕ(∞) =∞, lim
z→∞

ϕ(z)

z
> 0

and let ψ denote the inverse of ϕ.
Let w = ϕ1(z) denote a function that maps the domain G conformally onto the disk |w| < 1.
The inverse mapping of ϕ1 will be denoted by ψ1. Let Γr denote circular images in the domain

G, that is, curves in G corresponding to circle |ϕ1(z)| = r under the mapping z = ψ1(w).



280 S. Z. Jafarov

Let us denote by Ep (G), where p > 0, the class of all functions f(z) 6= 0 that are analytic in G
and have the property that the integral ∫

Γr

|f(z)|p |dz|

is bounded for 0 < r < 1. We shall call the Ep-class as the Smirnov class. If the function
f(z) belongs to Ep, then f(x) has definite limiting values f(z′) almost every where on Γ, over all
nontangential paths; |f(z′)| is summable on Γ; and

lim
r→1

∫
Γr

|f(z)|p |dz| =
∫
Γ

|f(z′)|p |dz| .

It is known that ϕ′ = E1(G−) and ψ′ ∈ E1(D−). Note that each function f ∈ Ep (G) has the
non-tangential limit almost everywhere (a.e.) on Γ and the boundary function belongs to Lp (Γ) .
The general information about Smirnov classes can be found in the books [8, pp. 168-185] and [17,
pp. 438-453].

Let |Γ| be the Lebesgue measure of Γ and ω be a weight function on Γ.By Lpω (Γ) , 1 < p <∞ we
denote the set of all measurable functions Γ→ C satisfying the condition 1

|Γ|

∫
Γ

|f (z)|p ω (z)


1/p

<∞.

We denote by L
p),θ
ω (Γ) , θ ≥ 0, 1 < p <∞ the set of all measurable on Γ functions f such

that

sup
0<ε<p−1

 εp

|Γ|

∫
Γ

|f (z)|p−ε ω (z) |dz|


1/(p−ε)

<∞

and set

‖f‖
L
p),θ
ω

:= sup
0<ε<p−1

 εp

|Γ|

∫
Γ

|f (z)|p−ε ω (z) |dz|


1/(p−ε)

.

The normed space L
p),θ
ω (Γ) , θ ≥ 0 is called a weighted generalized grand Lebesgue space. This space

becomes a Banach space. We denote by L̃ω
p),θ

(Γ) the closure of Lpω (Γ) in the space L
p),θ
ω (Γ) ,

which consists of the functions f , satisfying the condition

lim
ε→0

 εp

|Γ|

∫
Γ

|f (z)|p−ε ω (z)

 = 0.



Approximation in weighted generalized grand Lebesgue spaces 281

Let Γ be a rectifiable Jordan curve and f ∈ L1(Γ). Then the functions f+ and f− defined by Γ

f+(z) =
1

2πi

∫
Γ

f(ζ)

ζ − z
dζ =

1

2πi

∫
T

ψ
′
(w)

ψ(w)− z
f0(w)dw, z ∈ G

and

f−(z) =
1

2πi

∫
Γ

f(ζ)

ζ − z
dζ =

1

2πi

∫
T

ψ
′
(w)

ψ(w)− z
f0(w)dw, z ∈ G−

are analytic in G and G− respectively, and f−(∞) = 0. Thus the limit

SΓ(f)(z) := lim
ε→0

1

2πi

∫
Γ∩{ζ: |ζ−z|>ε}

f(ζ)

ζ − z
dζ

exists and is finite for almost all z ∈ Γ.
The quantity SΓ(f)(z) is called the Cauchy singular integral of f at z ∈ Γ.
According to the Privalov’s theorem [17, p. 431] if one of the functions f+ (z) and f− (z) has

a nontangential limit on Γ a.e., then SΓ(f)(z) exists a. e. on Γ and also the other one of the
functions f+ (z) and f− (z) has a nontangential limit on Γ a. e. Conversely, if SΓ(f)(z) exists a.
e. on Γ, then the functions f+(z) and f−(z) have nontangential limits a. e. on Γ. In both cases,
the formulae

f+(z) = SΓ(f)(z) +
1

2
f(z), f−(z) = SΓ(f)(z)− 1

2
f(z)

and hence
f = f+ − f−

holds a. e. on Γ.
We define also the generalized grand Smirnov class E

p),θ
ω (G) as

Ep),θω (G) :=
{
f ∈ E1 (G) : f ∈ Lp),θω (Γ)

}
.

The closure of Smirnov class Epω (G) in the space E
p),θ
ω (G) we denote by Ep),θω (G) .

Let Γ be rectifiable Jordan curve. Γ is called a regular curve if there exists a constant
c(Γ) > 0 depending on only Γ such that for every r > 0, sup {|Γ ∩D(z, r)| : z ∈ Γ} ≤ c(Γ)r, where
|Γ ∩D(z, r)| is the length of the set Γ ∩D(z, r).

We denote by S the set of all regular Jordan curves in the complex plane C.
Let 1 < p < ∞, 1/p + 1//q = 1. and let ω be weight function on Γ ∈ Ṡ. A weight function

ω belongs Muckenhoupt class Ap (Γ) if the condition

sup
z∈Γ

sup
ε>0

(
1

ε

∫
Γ(z,ε)

[ω(τ)]
p |dτ |

)1/p(
1

ε

∫
Γ(z,ε)

[ω(τ)]−q |dτ |

)1/q′

<∞

holds, where Γ (z, ε) := {τ ∈ Γ : |τ − z| < ε}
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For f ∈ Lp),θω (Γ) and ω ∈ Ap we define the function

f0(t) : = f [ψ (t)] (ψ′ (t))
1
p−ε , t ∈ T,

ω0(t) = ω(ψ(t)).

Note that if f ∈ Lp),θω (Γ) then f0 ∈ Lp),θω0 (T) [28].

For f ∈ Lp),θω (Γ) we define the Cauchy type integral

f+
0 (t) :=

1

2πi

∫
T

f0 (z)

z − t
dz

which is analytic in D. Also, we define rth mean moduli of smoothness for f ∈ Ep),θω (G) by

Ωr(f, δ)G, p),θ,ω : = Ωr(f
+
0 , δ) p),θ,ω, δ > 0, r = 1, 2, ...

The best approximation of f ∈ Ep),θω (G) in the class
∏
n of the algebraic polynomials of

degree not exceeding n is defined by

En (f)Ep),θω (G)
:= inf

{
‖f − Pn‖Lp),θω (Γ)

: Pn ∈
∏

n

}
.

Let ϕk,p−ε(z), k = 0, 1, 2, ...(1 < p < ∞ and 0 < ε < p − 1) be the p − ε Faber polynomials
for G [28 ] . The Faber polynomials ϕk,p−ε(z), associated with G ∪ Γ, are defined through the
expansion

ψ′ (t)

ψ (t)− z
=

∞∑
k=0

ϕk,p−ε (z)

tk+1
, z ∈ G, t ∈ D (1.4)

and the equality

ϕk,p−ε (z) =
1

2πi

∫
|t|=R

tkψ′ (t)
1−1/(p−ε)

ψ (t)− z
dt z ∈ G

holds [28], [38].

Let f ∈ Ep),θω (G) ; ω ∈ Ap (Γ) , ε > 0 and 0 < ε < p− 1. Then we have

f(z) =
1

2πi

∫
Γ

f(s)

s− z
ds =

1

2πi

∫
T

f0(t)
[
ψ
′
(t)
]1−1/(p−ε)

ψ(t)− z
dt,

for every z ∈ G. Considering this formula and expansion (1.4), we can associate with f the formal
series

f(z) ∼
∞∑
k=0

ck(f)ϕk,p−ε (z) , (1.5)
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where

ck(f) :=
1

2πi

∫
T

f0(t)

tk+1
dt, k = 0, 1, 2, ...

The series (1.5) is called the p−ε Faber series expansion of f, and the coefficients ck(f), k = 0, 1, 2, ...
are said to be the p− ε Faber coefficients of f.

The nth partial sums, Cesaro sums and Zygmund sums of the p − ε Faber series (1.5) are
defined by

Sn (z, f) =

n∑
k=0

ck (f)ϕk,p−ε (z) ,

σn (z, f) =
1

n+ 1

n∑
k=0

Sk (z, f) ,

Zn,k(z, f) =

n∑
ν=0

(1− νk

(n+ 1)k
)ck(f)ϕk,p−ε(z).

respectively. The Abel sum of the p− ε Faber series (1.5) is defined by

Us (z, f) ∼
∞∑
k=0

skck (f)ϕk,p−ε (z)

where 0 ≤ s < 1.
Let P := {all algebraic polynomials (with no restrictions on the degree) } , and let P (D) be the

set of traces of members of P on D. We define the operator

Tp−ε : P (D)→ Ep),θω (G)

as

Tp−ε(P )(z) :=
1

2πi

∫
T

P (w)
[
ψ
′
(w)
]1−1/(p−ε)

ψ(w)− z
dw, z ∈ G.

Then using (1.4) we have

Tp−ε

( ∞∑
k=0

αkw
k

)
=

∞∑
k=0

αkϕk,p−ε(z),

where ϕk,p−ε(z), k ∈ N, are the p− ε Faber polynomials of G.
We shall use the c, c1, c2, ... to denote constants (in general, different in different relations)

depending only on quantities that are not important for the questions of interest.
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The approximation problems in non-weighted, weighted grand and generalized Lebesgue spaces
were studied in [6], [9]-[14], [27]-[29], [32], [35] and [42].

In this study we investigate the approximation of the functions by Zygmund means of Fourier

trigonometric series in the weighted generalized grand Lebesgue spaces L̃
p),θ
ω (T), 1 < p <∞, θ > 0.

Note that estimates in this study are obtained in terms of the best approximation En(f)p),θ,ω and
modulus of smoothness. Also, the approximation problems of Cesaro, Zygmund and Abel sums of

Faber series in the weighted generalized grand Smirnov classes Ep),θω (G) ,defined on the bounded
simply connected domains of complex plane C are studied. Similar problems of the approximation
theory in the different spaces have been studied by several authors (see, for example, [1]-[4 ], [7],
[19], [20], [23]-[26 ], [30], [31], [33], [36]-[38], [41], [43]-[46]).

Note that for the proof of the new results obtained in the weighted generalized grand Lebesgue
spaces we apply the method developed in [19], [28] and [43].

Our main results are the following.

Theorem 1.1. Let 1 < p <∞, θ > 0, f ∈ L̃p),θω , ω ∈ Ap (T) , r ∈ Z+, k ∈ N and let the series

∞∑
k=1

kr−1 Ek−1(f)
p),θ,ω

converges. Then f is equivalent (equal almost everywhere ) to a 2π−periodic absolutely continuous
function ψ ∈ AC (T) and the inequality

∥∥∥ψ(r) − Zn,k
(
ψ(r)

)∥∥∥
L
p),θ
ω (T)

≤ c1(k, r)

( ∞∑
ν=n+1

νr−1Eν−1(f)p),θ,ω + n−k
n∑
ν=1

νk+r−1Eν−1(f)p),θ,ω

)
, n ∈ N

holds.

Theorem 1.2. Let 1 < p <∞, θ > 0, f ∈ L̃p),θω , ω ∈ Ap (T), k ∈ N . Then the estimate

Ωl

(
f,

1

n

)
p),θ,ω

≤ c2 ‖f − Zn,k(f)‖
L
p),θ
ω (T)

(1.6)

holds, where l = {k, k-oven, k + 1, k − odd} .

Theorem 1.3. Let Γ ∈ S and ω ∈ Ap (Γ) . Then for f ∈ Ep),θω (G) , 1 < p < ∞, θ > 0 the
ineguality

‖f (·)− σn (·, f)‖
L
p),θ
ω (Γ)

≤ c3Ωr(
1

n+ 1
, f)G,p),θ,ω

holts with a constant c3 > 0, not depend on n.

Theorem 1.4. If the conditions of Theorem 1.3 are satisfed, then for f ∈ Ep),θω (G) , 1 < p <
∞, θ > 0 there exists a constant c4 > 0, not depend on n, such that

‖f (·)− Zn,k (·, f)‖
L
p),θ
ω (Γ)

≤ c4Ωr(
1

n+ 1
, f)G,p),θ,ω
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Theorem 1.5. If the conditions of Theorem 1.3 hold, then there exists a constant c5 > 0, not
depend on s, such that the estimate

‖f (·)− Us (·, f)‖
L
p),θ
ω (Γ)

≤ c5Ωr(1− s, f)G,p),θ,ω

holds for f ∈ Ep),θω (G) , 1 < p <∞, θ > 0.

We need the following results in the proof of the main results.

Theorem 1.6 ([10]). Let 1 < p <∞ and θ > 0 . Let ω ∈ Ap.Then there exists a positive constant

c6 such that for arbitrary f ∈ L̃p),θω (T) and n the following estimate

‖f (·)− σn (·, f)‖
L
p),θ
ω (T)

≤ c6Ωr(
1

n+ 1
, f)p),θ,ω

holds.

Theorem 1.7 ([10]). Let 1 < p <∞ and θ > 0 . Let ω ∈ Ap.Then there exists a positive constant

c7 for arbitrary f ∈ L̃p,θω (T) and n the following inequality

‖f (·)− Zn,k(·, f)‖
L
p),θ
ω (T)

≤ c7Ωr(
1

n+ 1
, f)p),θ,ω

holds.

Theorem 1.8 ([10]). Let 1 < p <∞ and θ > 0 . Let ω ∈ Ap.Then for arbitrary f ∈ L̃p),θω (T) we
have

‖f (·)− Us(·, f)‖
L
p),θ
ω (T)

≤ c8Ωr(
1

n+ 1
, f, 1− s)p),θ,ω,

with a constant c8 > 0, not depend on s, 0 < s < 1.

2 Proofs of theorems

Proof of Theorem 1.1. Let the series

∞∑
k=0

(k + 1)
r−1

Ek(f)p),θ,ω

converge. In this case, using the proof method developed in the study S. S. Volosivets [43] we
can prove that f is equivalent (equal almost everywhere ) to a 2π−periodic absolutely continuous
function ψ ∈ AC (T) and the following inequality holds:

En(ψ(r))p),θ,ω ≤ c9

(
(n+ 1)

r
En(f)p),θ,ω +

∞∑
k=n+1

kr−1Ek(f)p),θ,ω

)
. (2.1)

On the other hand the inequality

‖g − Zn,k(g)‖
L
p),θ
ω (T)

≤ c10n
−k

n∑
ν=1

νk−1Eν−1(g)p),θ,ω (2.2)
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holds [10, Theorem 4 and 7 ]. Comparing (2.1) and (2.2) we obtain that

∥∥∥ψ(r) − Zn,k(ψ(r))
∥∥∥
L
p),θ
ω (T)

≤ c11n
−k

n∑
ν=1

νk−1Eν−1(ψ(r))p),θ,ω

≤ c12n
−k

n∑
ν=1

νk+r−1Eν−1(f)p),θ,ω

+c13n
−k

n∑
ν=1

νk−1
n∑

µ=ν+1

µr−1Eµ−1(f)p),θ,ω

+c14n
−k

n∑
ν=1

νk−1
∞∑

µ=n+1

µr−1Eµ−1(f)p),θ,ω

≤ c15n
−k

n∑
ν=1

νk+r−1Eν−1(f)p),θ,ω + c16n
−k

n∑
µ=1

µr−1Eµ−1(f)p),θ,ω

µ∑
ν=1

νk−1

+c17

∞∑
µ=n+1

µr−1Eµ−1(f)p),θ,ω

≤ c18

( ∞∑
ν=n+1

νr−1Eν−1(f)p),θ,ω + n−k
n∑
ν=1

νk+r−1Eν−1(f)p),θ,ω

)

which completes the proof of Theorem 1.1. q.e.d.

Proof of Theorem 1.2. Let Tn(f, x) be a trigonometric polynomial of best approximation to f in

L
p),θ
ω (T). It is known that the following identity holds:

Tn(f, x)− Zn,k (Tn(f), x)

= f(x)− Zn,k(f, x) + Tn(f, x)− f(x)

+Zn,k(f − Tn(f), x). (2.3)

By [10] we obtain

‖Zn,k(f, ·)‖
L
p),θ
ω (T)

≤ c19 ‖f‖Lp),θω (T)
. (2.4)

Consideration of (2.3) and (2.4) gives us
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‖Tn(f, x)− Zn,k (Tn(f), x)‖
L
p),θ
ω (T)

≤ ‖f − Zn,k(f)‖
L
p),θ
ω (T)

+ ‖Tn(f)− f‖
L
p),θ
ω (T)

+ ‖Zn,k(f − Tn(f))‖
L
p),θ
ω (T)

≤ ‖f − Zn,k(f)‖
L
p),θ
ω (T)

+ c20En(f)p),θ,ω

≤ c21 ‖f − Zn,k(f)‖
L
p),θ
ω (T)

. (2.5)

If k−is an even number the following relation holds:

Tn(f, x)− Zn,k (Tn(f), x) = (−1)
k
2 (n+ 1)

−k
T (k)
n (f, x). (2.6)

Using (2.5 ),(2.6 ) and [11] we get

Ωk

(
f,

1

n

)
p),θ,ω

= Ωk

(
f − Tn(f) + Tn(f),

1

n

)
p),θ,ω

≤ c22Ωk (f − Tn(f))p),θ,ω + c23Ωk

(
Tn(f),

1

n

)
p),θ,ω

≤ c24 ‖f − Tn(f)‖
L
p),θ
ω (T)

+ c25n
−k
∥∥∥T (k)

n (f)
∥∥∥
L
p),θ
ω (T)

≤ c26En(f)p),θ,ω + c27 ‖Tn(f)− Zn,k (Tn(f))‖
L
p),θ
ω (T)

≤ c28En(f)p),θ,ω + c29 ‖f − Zn,k (f)‖
L
p),θ
ω (T)

≤ c30 ‖f − Zn,k (f)‖
L
p),θ
ω (T)

. (2.7)

Let T̃n
(k)

(f, x) be a trigonometric conjugate of T (k+1)(f, x). If k is a odd number the relation

Tn(f, x)− Zn,k (Tn(f), x) = (−1)
k+3
2 (n+ 1)

−k
T̃n

(k)
(f, x). (2.8)

holds. Also, according to [11], [27] we obtain∥∥∥T (k+1)(f, x)
∥∥∥
L
p),θ
ω (T)

≤ c31n

∥∥∥∥T̃n(k)
(f)

∥∥∥∥
L
p),θ
ω (T)

. (2.9)

Taking into account the relations (2.8), (2.9) we have
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Ωk+1

(
f,

1

n

)
p),θ,ω

= Ωk+1

(
f − Tn(f) + Tn(f),

1

n

)
p),θ,ω

≤ c32Ωk+1 (f − Tn(f))p),θ,ω + c33Ωk+1

(
Tn(f),

1

n

)
p),θ,ω

≤ c34 ‖f − Tn(f)‖
L
p),θ
ω (T)

+ c35n
−(k+1)

∥∥∥T (k+1)
n (f)

∥∥∥
L
p),θ
ω (T)

≤ c36En(f)p),θ,ω + c37n
−k
∥∥∥∥T̃n(k)

(f)

∥∥∥∥
L
p),θ
ω (T)

≤ c38En(f)p),θ,ω + c39 ‖Tn(f)− Zn,k (Tn(f))‖
L
p),θ
ω (T)

≤ c40En(f)p),θ,ω + c41 ‖f − Zn,k (f)‖
L
p),θ
ω (T)

≤ c42 ‖f − Zn,k (f)‖
L
p),θ
ω (T)

. (2.10)

Consideration of (2.7) and (2.10) gives us (1.8). Thus, the proof of Theorem 1.2 is completed. q.e.d.

Proof of Theorem 1.3. Let f ∈ Ep),θω (G) , 1 < p <∞, θ > 0. The function f has the Faber series

f(z) ∼
∞∑
k=0

ck(f)ϕk(z).

Then by [18, Lemma 1] f+
0 ∈ Ep),θω (D) and for the function f+

0 the Taylor expansion

f+
0 (t) ∼

∞∑
k=0

ck(f)wk, w ∈ U

holds. It is clear that f+
0 ∈ E1 (D) .Therefore, the boandary function f+

0 ∈ L
p),θ
ω (T) . According to

[8, p.38, Theorem 3.4] the function f+
0 has the Fourier expansion

f+
0 (t) ∼

∞∑
k=0

ck(f)eikt.

Using the boundedness of the operator Tp−ε : Ep),θω (D)→ Ep),θω (G) [28] and Theorem 1.6 we have

‖f (·)− σn (·, f)‖
L
p),θ
ω (Γ)

≤
∥∥Tp−ε (f+

0

)
− Tp−ε

(
σn
(
·, f+

0

))∥∥
L
p),θ
ω (Γ)

≤ c43 ‖Tp−ε‖
∥∥f+

0 − σn
(
·, f+

0

)∥∥
L
p),θ
ω0

(T)

≤ c44Ωr

(
f+

0 ,
1

n

)
p),θ,ω0

= c45Ωr

(
f,

1

n

)
Γ, p),θ,ω
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which completes the proof of theorem 1.3. q.e.d.

The proofs of Theorem 1.4 and 1.5 follow from similar applications of Theorem 1.7 and Theorem
1.8, respectively.

References

[1] S.Y. Alper, Approximation in the mean of analytic functions of class Ep, In book: Investi-
gations on the modern problems of the function theory of a complex variable, Moscow Gos.
Izdat. Fiz. Mat. Lit., 273-286,

1960 (in Russian).

[2] J. E. Anderson, On the degree of poynomial approximation in Ep (D) , J. Approx. Theory 19
(1977), 61-68.

[3] R. Akgün, V. Kokilashvili, The refined direct and converse inequalities of trigonometric ap-
proximation in weighted variable exponent Lebesgue spaces, Georgian Math. J. 18 (3) (2011),
399-423.

[4] R. Akgün, Trigonometric approximation of functions in generalized Lebesgue spaces with vari-
able exponent, Ukrain. Math. J. 63 (1) (2011), 1-26.

[5] R. Akgün, Polynomial approximation of functions in weighted Lebesgue and Smirnov spaces
with non-standart growth, Georgian Math. J. 18 (2) (2011), 203-235.

[6] I. Aydın, R. Akgün, Weighted variable exponent grand Lebesgue spaces and inequalities of
approximation, Hacet. J. Math. Stat. 50 (1) (2021), 199-215.

[7] T. S. Chikina, Approximation by Zygmund-Riesz means in the p−variation metric, Anal. Math.
39 (1) (2013), 29-44.

[8] P. L. Duren, Theory of Spaces, Academic Pres, 258 p., 1970.P. L. Duren, Theory of Spaces,
Academic Pres, 258 p., 1970.

[9] N. Danelia, V. Kokilasvili, On the approximation of periodic functions within the frame of
grand Lebersgue spaces, Bull. Georgian Nat. Acad. Sci. 6 (2) (2012), 11-16.

[10] N. Danelia, V. Kokilashvili, Approximation by trigonometric polynomials in subspace of
weighted grand Lebesgue spaces, Bull. Georg. Natl. Acad. Sci., 7 (1) 2013, 11-15.

[11] N. Danelia, V. Kokilashvili, Approximation of periodic functions in grand variable exponent
Lebesgue spaces, Proc. A. Razmadze Math. Inst. 164 (2014), 100-103.

[12] N. Danelia, V. Kokilashvili and Ts. Tsanava, Some approximation results in subspace of
weighted grand Lebesgue spaces, Proc. A. Razmadze Math. Inst. 164 (2014), 104-108.

[13] N. Danelia, V. Kokilashvili, Approximation by trigonometric polynomials in the framework of
variable exponent grand Lebesgue spaces, Georgian Math. J. 23 (1) (2016), 43-53.



290 S. Z. Jafarov

[14] L. D’onofrio, C. Sbordone and R. Schiattarella, Grand Sobolev spaces and their application in
geometric function theory and PDEs, J. Fixed Point Theory Appl. 13 (2013), 309-340.

[15] A. Florenza, M. Kerrec, On domain and range of the maximal operator, Nagoya Math. J., 158
(2000), 43-61.

[16] A. Florenze, C. Sbordone, Existence and uniqueness results for solutions of nonlinear equations
with right hand side in L1, Studia Math., 127 (3) (1998), 223-231.

[17] G. M. Goluzin, Geometric Theory of Functions of a Complex Variable, Traslation of Mathe-
matical Monographs, 26, Providence, RI: AMS, 1968.

[18] L. Greco, T. Iwanec and C. Sbordone, Inverting the p−harmonic operator, Manuscript Math.,
92 (1997), 249-258.

[19] A. Guven, D. M. Israfilov, Approximation by Means of Fourier trigonometric series in weighted
Orlicz spaces, Adv. Stud. Contemp. Math. (Kyundshang), 19 (2) (2009), 283-295.

[20] A. Guven, D. M. Israfilov, Trigonometric approximation in generalized Lebesgue spaces Lp(x),
J. Math. Inequal. 4 (2010),285-290.

[21] T. Iwaniec, C. Sbordone, On the integrability of the Jacobian under minimal hypotheses, Arch.
Ration. Mech. Anal. 119 (2) (1992), 129-143.

[22] T. Iwaniec, C. Sbordone, Riesz transforms and elliptic PDE’s wityh VMO coefficieents, J.
Anal. Math. 74 (1998), 183-212.

[23] N. A. Il’yasov, Approximation of periodic functions by Zygmund means, Mat. Zametki 39 (3)
(1986), 367-382 (in Russian).

[24] N. A. Il’yasov, On the order of approximation in the uniformmetric by the Fejer-Zygmund
means on the classes Ep [ε] ,Mat. Zametki, 69 (5 ) (2001), 679-687 (in Russian).

[25] D. M. Israfilov, Approximation by p-Faber polynomials in the weighted Smirnov class Ep(G,w)
and the Bieberbach polynomials, Constr. Approx. 17 (2001), 335-351.

[26] D. M. Israfilov, Approximation by p−Faber-Laurent rational functions in weighted Lebesgue
spaces, Czechoslovak Mathematical Journal 54 (129), (2004), 751-765.

[27] D. M. Israfilov, A. Testici, Approximation in weighted generalized grand Lebesgue spaces, Col-
loquim Mathematicum, 143 (1) (2016), 113-126.

[28] D. M. Israfilov, A. Testici,, Approximation in weighted generalized grand Smirnov classes,
Studia Scientiarum Mathematicarum Hungarica 54 (4) (2017), 471-488.

[29] S. Z. Jafarov, Approximation in weighted generalized grand Lebesgue spaces, Applied Mathe-
matics E-Notes, 18 (2018), 140-147.

[30] S. Z. Jafarov, Approximation of conjugate functions by trigonometric polynomials in weighted
Orlicz spaces, J. Math. Inequal. 7 (2) (2013), 2, 271-281.



Approximation in weighted generalized grand Lebesgue spaces 291

[31] S. Z. Jafarov, Linear methods of summing Fourier series and approximation in weighted vari-
able exponent Lebesgue spaces, Ukr. Math. J, 66 (10) (2015), 1509-1518.

[32] S. Z. Jafarov, Approximation by trigonometric polynomials in subspace of variable exponent
grand Lebesgue spaces, Global J. Math. 8 (2) (2016), 836-843.

[33] V. M. Kokilashvili, On approximation of analytic functions from Ep classes, Trudy Tbiliss.
Mat. Inst. im Razmadze Akad. Nauk Gruzin SSR 34 (1968) 82-102 (in Russian).

[34] V. Kokilshvili, Boundedness criteria for singular integralas in weighted grand Lebesgue spaces,
J. Math. Sci. 170 (2010), 20-33.

[35] V. Kokilashvili, Ts. Tsanava, Boundedness of multiple conjugate functions and strong maximal
functions in weighted grand Lp) spaces, Proc. A. Razmadze Math. Inst. 152 (2010), 141-143.

[36] V. Kokilashvili and Ts. Tsanava, Approximation by linear summability means in weighted
variable exponent Lebesgue spaces, Proc. A. Razmadze Math. Inst. 154 (2010), 147-150

[37] S. B. Stechkin, The approximation of periodic functions By Fejér sums, Trudy Math. Inst.
Steklov, G2 (1961), 48-60 (in Russian).

[38] P. K. Suetin, Series of Faber Polynomials, Gordon and Breach Science Publishers, 1998.

[39] C. Sbordone, Grand Sobolev spaces and their applications to variatonal problems, Le Mathe-
matiche, LI (2) (1996), 335-347.

[40] C. Sbordone, Nonlinear elliptic equations with right hand side in nonstandard spaces, Rend.
Sem. Math. Fis. Modernna, Supplemento al XLVI (1998), 361-368.

[41] A. F. Timan, Theory of approximation of functions of a real variable, Pergamon Press and
MacMillan, 1963; Russian orginal published by Fizmatgiz, Moscow, 1960.

[42] T. Tsanava, V. M. Kokilashvili, Some notes the majotants of Fourier partialsums in new
function spaces, Jour. Tech. Sci, Tech., 1 (1) (2012), 20-31.

[43] S. S. Volosivets, Approximation of functions and their conjugates in variable Lebesgue spaces,
Sbornik: Mathematics. 208 (1) (1917), 44-59.

[44] S. S. Volosivets, Modified modulus of smoothness and approximation in weighted Lorentz spaces
by Borel and Euler means, Probl. Anal. Issues Anal. 10 (28) (2021), No. 1, 87-100.

[45] S. S. Volosivets, Approximation by Vilenkin polynomials in weighted Orlizc spaces, Analysis
Math. 47 (2021), 437-449

[46] A. Zygmund, Trigonıometric Series, Parts I and II, Cambirdge Univ. Press, 1959.


