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Abstract

In the present work we investigate the approximation of the functions by the Zygmund means
in the weighted generalized grand Lebesgue spaces. The estimates are obtained in terms of the
best approximation and modulus of smoothness. Also, the approximation problems of Cesaro,
Zygmund and Abel sums of Faber series in the generalized Smirnov classes defined on the
bounded simply connected domains of complex plane are studied.
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1 Introduction and the main results

Let T denote the interval [0, 2], a function w is called a weight on T if w : T — [0, oo] is measurable
and w~1({0, }) has measure zero (with respect to Lebesgue measure).

Let w be a 27 periodic weight function. We denote by LP (T), 1 < p < oo, the weighted Lebesgue
space of all measurable functions on T for which the norm

1/p

1£1, = / @l wdr | < oo
T

We define a class Lf,)’g(T)7 >0, 1< p< oo of 27 periodic measurable functions on T
satisfying the condition
1/(p—e)
ef _
sup —/\f(x)|p “w(z)dx < 0.

0<e<p—1 2m
T

The class Lf))’e(’ﬂ‘), 0 >0, 1<p<oo isa Banach space with respect to the norm

1/(p—e)

1 —c
1o = sup e [ 17(@) P8 wo)d . (1.1)
ST T g 2m
T

e<p—1
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The class LZ)’G(T) with the norm (1.1) is called the weighted generalized grand Lebesgue space. Note
that non- weighted grand Lebesgue space LP) (T) was introduced by Iwaniec and Sbordone [21].
Information about properties of the grand and generalized grand Lebesgue spaces can be found
in [14], [21], [22] and [34]. Note that the grand and generalized grand Lebesgue spaces have
been applied in many fields of science (see, for example: [39], [40], [22]). Also, some problems
of quasilinear operators theory and interpolation theory are investigated in these spaces (see, for
example: [18], [15], [16]).
The embeddings
LP(T) ¢ LP(T) C LP~*

hold. According to [14] LP(T) is not dense in LP)(T). Also, if §; < 6 and 1 < p < oo, for weighted
generalized grand Lebesgue space, the following relations hold:
LE(T) CL®%(T) cLE)%(T) cLE™<(T).

The closure of the space LP(T), 1 < p < oo by the norm of the grand Lebesgue spaces Lf,)’g(']l‘),
6> 0,1 < p < oo does not coincide with the later space. Let us denote this closure by LPY(T). Tt
is clear that this subspace of LR’ (T) is a set of functions for which

Jimn £ / ()P w (t)dt = 0.
T

e—0
Let 1 < p < oo and let A,(T) be the collection of all weights on T satisfying the condition

sup <|}| /1 w(:c)pdx>1/p <|11T| /I [w(a:)]l/(pl)das)p_l <o (1.2)

where the supremum is taken over all intervals I with length |I| < 27. The condition (1.2) is called
the Muckenhoupt -A,, condition and the weight functions which belong to A,(T), (1 < p < o), are
called the Muckenhoupt weights.

For f € Zf,)’e(’lf) and w € A, we define the Steklov operator by

x+h

h
sn(P@) = [ sodt = [ s+ oy
x 0

and the 7 — th modulus of smoothness Q.(f,-, )py .0, (r=1,2,...) by

T

[T =su)(h

i=1

Qr(fa 6)p),0,w = Sup
0<h; <o
1<i<r

6>0,r=1,2,..
L’ (T)

where I is the identity operator.
The modulus of continuity €,.(f,-)p)6. is a non-decreasing, nonnegative function of 6 > 0 and

%I_I}(l)ﬂr(f7 ')p),@,w = 07 Qr(f + 9, ')p),@,w < Q(f7 ')p),G,w + Q(gv ')p)ﬁ,w

for f,g € LV(T), 6>0, 1 < p < oo.
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Let
T+ > An(w f), Aula, f) = ai(f) coska + by (f) sin ka (1.3)
k=1

be the Fourier series of the function f € Li(T), where ax(f) and by (f) are Fourier coefficients of
the function f .

The n — th partial sums, Zygmund means of order k (k € N) and Abel -Poisson means of the
series (1.3) are defined, respectively as [19], [46]:

ao (f) | ~
Suw.f) = S e ),
k=1
ao (f) |~ vk
Z = 1—-——]A =1,2,.. =1,2,...
n)k(x’f) 2 +; ( (n+1)k V(m7f)’ k ) b b n ) ) b
1
Us(z,f) = o= [ Ps(x—1t)f(t)dt,
27T T
where
1—s2
P, -=— < 1
s (1) 1—2scost+52’0_s<
is the Poisson kernel.
It is clear that
a
Sola. ) = Zol. ) = 2

The best approximation of f &€ T;{?’e , >0, 1<p<oo intheclass [], of trigonometric
polynomials of degree not exceeding n is defined by

En (f)p))&w := inf {”f - TnHLg)ve(T) . Tn S Hn} .

Let G be a finite domain in the complex plane C, bounded by a rectifiable Jordan curve I', and
let G~ := extI’. We denote

T ={weC:|lw =1}, D:=intT* , D™ :=ext T".

Let w = ¢(z) be the conformal mapping of G~ onto D~ normalized by

p(00) = 00, lim #(z) >0

zZ—00 Z
and let ¢ denote the inverse of ¢.
Let w = ¢1(%) denote a function that maps the domain G conformally onto the disk |w| < 1.
The inverse mapping of 7 will be denoted by ;. Let ', denote circular images in the domain
G, that is, curves in G corresponding to circle |¢1(z)| = r under the mapping z = ¢ (w).
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Let us denote by EP (G), where p > 0, the class of all functions f(z) # 0 that are analytic in G
and have the property that the integral

/ F)P |dz]
T,

is bounded for 0 < r < 1. We shall call the EP-class as the Smirnov class. If the function
f(z) belongs to EP, then f(x) has definite limiting values f(z’) almost every where on I', over all
nontangential paths; |f(z')| is summable on I'; and

tiy [1£GIP 121 = [ 1P a1,
I, r

It is known that ¢/ = E*(G~) and ¢’ € E1(D~). Note that each function f € EP (G) has the
non-tangential limit almost everywhere (a.e.) on I' and the boundary function belongs to L? (T').
The general information about Smirnov classes can be found in the books [8, pp. 168-185] and [17,
pp. 438-453].

Let |T'| be the Lebesgue measure of I' and w be a weight function on I'.By L2, (T') , 1 < p < co we
denote the set of all measurable functions I' — C satisfying the condition

1/p

w [@PeE ) <.

We denote by Lﬁ)’e (T), 6 >0, 1 <p< oo the set of all measurable on I" functions f such
that

1/(p—e¢)
P _
s / (P w(2)|dz] <
I

O<e<p—1
and set
1/(p—¢)

e<p—1

eP e
o= swp 35 [IF P *w ()]
r

The normed space Lf,)’e (T), 6 > 0is called a weighted generalized grand Lebesgue space. This space

—~—p),0
becomes a Banach space. We denote by pr) (") the closure of LP (I") in the space e’ T,
which consists of the functions f , satisfying the condition

e—0

lim é;7|/|f(z)p5(,u(z) =0.
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Let T be a rectifiable Jordan curve and f € L!(T'). Then the functions f* and f~ defined by T’

o L [IQ L[ )
/ ()_QWiI/C—de 27rijr/¢(w)_zf0( )dw, eG

and

IV T 5 ((O 1SR S B ) EP A
/ (Z)QWiF/C—ZdCQWiT/¢(w)—ZfO( )w, €a

are analytic in G and G~ respectively, and f~(0co) = 0. Thus the limit

SeN@ =t [ J©) 4

e—0 271 (—z
rn{¢: [¢—=|>¢}

exists and is finite for almost all z € I

The quantity St(f)(z) is called the Cauchy singular integral of f at z € T.

According to the Privalov’s theorem [17, p. 431] if one of the functions f* (z) and f~ (z) has
a nontangential limit on T' a.e., then Sp(f)(z) exists a. e. on I' and also the other one of the
functions f* (z) and f~ (2) has a nontangential limit on I" a. e. Conversely, if Sr(f)(z) exists a.
e. on I, then the functions f*(z) and f~(2) have nontangential limits a. e. on I'. In both cases,
the formulae

1 _ 1
7@ =Se(NE) +51G), () =Se()z) = 5/(2)
and hence
f=r—f
holds a. e. on T'.
We define also the generalized grand Smirnov class gR? (G) as

EPYO(G) = {f cEY(Q): feLp® (r)}.

The closure of Smirnov class EP (G) in the space ER? (G) we denote by ER) (G).

Let T' be rectifiable Jordan curve. I is called a regular curve if there exists a constant
¢(T") > 0 depending on only I" such that for every r > 0, sup{|I' N D(z,7)|: z € '} < ¢(T")r, where
IT'N D(z,r)| is the length of the set I' N D(z,r).

We denote by S the set of all regular Jordan curves in the complex plane C.
Let 1 < p < oo, 1/p+1//q = 1. and let w be weight function on ' € S. A weight function
w belongs Muckenhoupt class A, (I') if the condition

1 1/p 1 1/q
sup sup (/ [w(T)]pldﬂ) (/ [w(m)] ™1 IdTI> <00
zel e>0 \ € JI(z,¢) € Jr(z,e)

holds, where I' (z,e) := {7 €T : |7 — 2| <&}
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For f € LD (') and w € A, we define the function
ht) + =fWOI@ ©)7 teT,
wo(t) = w(t(t)).

Note that if f € L% (T') then f, € L2’ (T) [28].
For f € Lf,)’g (T") we define the Cauchy type integral

fol),,

27i T2—1

fo @) =

which is analytic in D. Also, we define rth mean moduli of smoothness for f € Ef,)’e (G) by

Qr(fa 5)6‘, p)ow = Qr(f(;ra(s) p),0,w> o> 0, r= 1727

The best approximation of f € Eﬁ)’e (G) in the class [], of the algebraic polynomials of
degree not exceeding n is defined by

B (Dapoy = f {If = Pall oy Pae [T }-

Let ¢rp-c(2), £ =0,1,2,..(1 <p<oocand 0 <e <p—1) bethep—e Faber polynomials
for G [28 ] . The Faber polynomials ¢y ,—-(2), associated with G UT, are defined through the
expansion

V' () _ > Pr,p—e (2)

m— tk-‘rl ,ZEG,tG]D) (14)
and the equality
1 t%’ (t)lfl/(P*E)
_ = — ———dt z€ G
Prp—e (2) 2mi P(t)—z :
[t|=R

holds [28], [38].
Let feED?(G); we A, (I'), e>0and0<e<p— 1. Then we have

/ } 1-1/(p—¢)

1 / folt) [#' ()

dt,

" 2mi 271'2 P(t) — =z
T

for every z € G. Considering this formula and expansion (1.4), we can associate with f the formal
series

ch )ekp—e (2) (1.5)
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where

1 folt)

2mi ) thktl
T

ci(f) =

dt, k=0,1,2,..

The series (1.5) is called the p—e Faber series expansion of f, and the coefficients ¢ (f), £ =0,1,2, ...
are said to be the p — e Faber coefficients of f.

The nth partial sums, Cesaro sums and Zygmund sums of the p — e Faber series (1.5) are
defined by

Sn (Z7 f) = ch ka,p € ) )

on(z,f) = Zsk (2

n+ 1%3:0
Znk(z, f) = ,,Z=0(1 - m)%(f)@k,p—s(z)~

respectively. The Abel sum of the p — ¢ Faber series (1.5) is defined by

ZS ¢k (f) rp-e (2)

where 0 < s < 1.
Let P := {all algebraic polynomials (with no restrictions on the degree) }, and let P(D) be the
set of traces of members of P on D. We define the operator

Ty-c: P(D) — ED’ (@)
as
1-1/(p—<)
! ]
Tp—e(P)(2) :== 5 — dw, z€G.
T

Then using (1.4) we have

Tp—- (Z akwk> = Zakwk’p,g(z)
k=0 k=0

where ¢y ,—c(2), k € N, are the p — ¢ Faber polynomials of G.
We shall use the ¢, ¢y, ¢, ... to denote constants (in general, different in different relations)
depending only on quantities that are not important for the questions of interest.



284 S. Z. Jafarov

The approximation problems in non-weighted, weighted grand and generalized Lebesgue spaces
were studied in [6], [9]-[14], [27]-[29], [32], [35] and [42].

In this study we investigate the approximation of the functions by Zygmund means of Fourier
trigonometric series in the weighted generalized grand Lebesgue spaces Eﬁ)’e (T), 1 <p<oo, §>0.
Note that estimates in this study are obtained in terms of the best approximation E,,(f),),¢,.. and
modulus of smoothness. Also, the approximation problems of Cesaro, Zygmund and Abel sums of
Faber series in the weighted generalized grand Smirnov classes Ef,)’o (G) ,defined on the bounded
simply connected domains of complex plane C are studied. Similar problems of the approximation
theory in the different spaces have been studied by several authors (see, for example, [1]-[4 ], [7],
(19], [20], [23]-[26 ], [30], [31], [33], [36]-[38], [41], [43]-[46]).

Note that for the proof of the new results obtained in the weighted generalized grand Lebesgue
spaces we apply the method developed in [19], [28] and [43].

Our main results are the following.

Theorem 1.1. Let 1 <p<oo, 8 >0, f¢€ E‘:?"’, weA,(T), reZy, ke N and let the series

Zkr_l Ekfl (f)p),@,w
k=1

converges. Then f is equivalent (equal almost everywhere ) to a 2r—periodic absolutely continuous
function ¥ € AC (T) and the inequality

¢ =20 (+)]

LR°(T)

< calf(k,r) ( Z VrilEufl(f)p),O,w +nF Z Vk+r71Eufl(f)p),9,w > ,neN
v=n+1 v=1

holds.
Theorem 1.2. Let 1 <p<oo, § >0, fE¢€ Ei’?*‘), w € A, (T), k € N. Then the estimate

1
2 (12)  <alf - Zulpeq (16)
"/ p) 0w .
holds, where I = {k, k-oven, k + 1,k — odd} .

Theorem 1.3. Let I' € S and w € A, (I'). Then for f € EP) (G), 1 <p < oo, 6 >0 the
ineguality
1

||f () —On ('a f)HLZ)’H(F) < C3QT(m7 f)G,p),O,w

holts with a constant ¢ > 0, not depend on n.
Theorem 1.4. If the conditions of Theorem 1.3 are satisfed, then for f € EP)? (G), 1<p<

00, 6 > 0 there exists a constant ¢4 > 0, not depend on n, such that

1
”f () - Zﬂ,k ('7 f)HLﬁ’))"’(F) < C4Qr(ma f)G,p),G,w
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Theorem 1.5. If the conditions of Theorem 1.3 hold, then there exists a constant c; > 0, not
depend on s, such that the estimate

||f () - Us ('a f)HLf))'e(F) < C5Q7'(1 - S, f)G,p)ﬁ,w

holds for f € EX? (G), 1< p< oo, 6> 0.
We need the following results in the proof of the main results.

Theorem 1.6 ([10]). Let 1 < p < oo and 6 > 0 . Let w € A,.Then there exists a positive constant

cg such that for arbitrary f € E’;;)ﬂ (T) and n the following estimate

1
||f () —On ('7 f)”Lg)«g(']r) < CGQT'(m7 f)p),@,w
holds.

Theorem 1.7 ([10]). Let 1 < p < oo and 6 > 0 . Let w € A,.Then there exists a positive constant
¢y for arbitrary f € LP? (T) and n the following inequality

1
||f () - Zn,k('7 f)”Lﬁ)’g('JI‘) < C7QT(m7 f)p),@,w
holds.

Theorem 1.8 ([10]). Let 1 < p < oo and 6 > 0 . Let w € A,.Then for arbitrary f € p)? (T) we
have

1
||f () - US('v f)”Lg)’s(’]I‘) < C8QT(m7 f7 1- S)p),@,wv
with a constant cg > 0, not depend on s, 0 < s < 1.

2 Proofs of theorems
Proof of Theorem 1.1. Let the series

oo

>k + 1) Er(f)p)ow

k=0

converge. In this case, using the proof method developed in the study S. S. Volosivets [43] we
can prove that f is equivalent (equal almost everywhere ) to a 2r—periodic absolutely continuous
function ¥ € AC (T) and the following inequality holds:

En($")p),00 < €0 ((n + 1) En(Npyow + D leEk(f)p),e,w> : (2.1)
k=n-+1
On the other hand the inequality
llg — Zn,k(g)HLp),%) < cyon” Z VB, 1(9)p).0.0 (2.2)

v=1
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holds [10, Theorem 4 and 7 ]. Comparing (2.1) and (2.2) we obtain that

[ = Zap(w™)

LP),g (T)

c1n kZV’“ 'B,_ ¢( ))p)

IN

IA

cl2n_k Z Vk+r_1Eufl(f)p),0,w

v=1

+epan” kzyk 1 Z MT 1EH 1 ))

p=v+1

+c14m kZVk ! Z e 1E# 1(f)p),0.w

p=n-+1

n p
cisn” Z VT E, (P + 16 T B (Hpyow DV
v=1 p=1 v=

+ci7 Z MT‘_lE;Lfl(f)p),G,w

p=n-+1

< o ( > VT E a(pew Y VkJrrlEl/—l(f)p)ﬂ,w)

v=n-+1 v=1

IN

which completes the proof of Theorem 1.1. Q.E.D.

Proof of Theorem 1.2. Let T,,(f,z) be a trigonometric polynomial of best approximation to f in
Lﬁ)’e('ﬂ‘). It is known that the following identity holds:

(f? )_ nk(T (f),x)
+Zn,k(f_T (f ), ) (2.3)

By [10] we obtain

VZon k(£ ) ey < 19 100y - (2.4)

Consideration of (2.3) and (2.4) gives us
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IN

IA

<

ITn(f, %) = Zn ke (Tn(F), )l ooy

If = Zn k(D o opy + 1T (f) = Fll oo

1 Znk(f = Tl o )

If— Zn,k(f)”Lg)’@(T) + C20En(f)p),0,w

o1 [[f = Zn k() ooy - (2.5)

If k—is an even number the following relation holds:

Tn(f7a:) -

N

Zo e (Ta(f),2) = (1) (n+ 1) " T (f,2). (2.6)

Using (2.5 ),(2.6 ) and [11] we get

1
Qk (f7 n)p)ﬂ,w

= o (f- T+ ) .

IA

1
el (f = Ty g + et (To(). 1)
n p),0,w
< eullf = TulDllypoge) + casn”™ [T o s

INIAIA

026En(f)p),9,w +ea7 |10 (f) — Znk (Tn(f))”Lg)ﬂ(T)
o8B (f)p),0.0 + €20 1Lf = Znke (F)ll ooy
C30 ||f - Zn,k (f)”LE,)’B(']I‘) . (27)

—~(k
Let Tn( )(f, x) be a trigonometric conjugate of T++1(f 2). If k is a odd number the relation

Tn(fﬂ 3?) -

Zug (Tu(f),3) = (1) F (n+ 1) T, (£, 2). (2.8)

holds. Also, according to [11], [27] we obtain

HT(k+1)(f’ x>‘

7" (1) . (2.9)

L2 (1)

<
o =

Taking into account the relations (2.8), (2.9) we have
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1
Qk"‘rl <.f7 ’I’L>
p),0,w
1

= Q1 (f_Tn(f) +Tn(f)»n> :
p),0,w

1
< 21 (f = Tnlf))p) 0,0 1+ €330%41 (Tn(f), n)
p),0,w
< enlld = TPl +esn D [TED D,
s

< s Bn(f)p) 0w T c3mn” || T (f)

£2°(1)
< es8En(f)p).o.w + 30 ITn(f) = Znw (Tu(F)) 0 )
S C40E’ﬂ(f)p),9,w + c41 ||f - Zn,k (f)HLf,)'G(T)

< callf = Znw (Dl ppocry - (2.10)

Consideration of (2.7) and (2.10) gives us (1.8). Thus, the proof of Theorem 1.2 is completed. q..p.

Proof of Theorem 1.3. Let f € Ef,)’e (G), 1 <p< oo, §>0. The function f has the Faber series

o0

1)~ S el en():

k=0
Then by [18, Lemma 1] fi € EP)’ (D) and for the function f;~ the Taylor expansion

oo

0~ alfutwev

k=0

holds. It is clear that f;” € E' (D) .Therefore, the boandary function f;~ € L)% (T). According to
[8, p-38, Theorem 3.4] the function fgr has the Fourier expansion

o0

I ~ S (e,

k=0

Using the boundedness of the operator T),_; : ER)? (D) — ER)? (G) [28] and Theorem 1.6 we have

£ ) = on G Dl oy
HTP—E (fgr) — Ty (Un ("
cas | Tp—cll || S = on (5 fo

1 1
C44Qr (fo+a Tl) = C45Qr <f7 n)
p),0,wo T, p),o

IN

fJ))HLﬂ)’G(F)
)

IN

H L2-4(T)

IN

,w
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which completes the proof of theorem 1.3. Q.E.D.

The proofs of Theorem 1.4 and 1.5 follow from similar applications of Theorem 1.7 and Theorem

1.8, respectively.
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